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We theoretically investigate one-dimensional three-component spin-orbit-coupled Fermi gases in
the presence of Zeeman field. By solving the Bogoliubov-de Gennes equations, we obtain the phase
diagram at a given chemical potential and order parameter. We show that, with increasing the
intensity of the Zeeman field, in addition to undergoing a phase transition from Bardeen-Cooper-
Schrieffer (BCS) superfluid to topological superfluid, similar to the two-component system, the three-
component system may exhibit some other interesting topological phase transitions. For example,
by appropriately adjusting the chemical potential µ, the system can be in a non-trivial topological
superfluid in the whole region of the Zeeman field h. It also may initially be a topological superfluid
and then translates to a topologically trivial BCS superfluid with increasing the field h. Even
more exotically, the system may exhibit a re-entrance behavior, being a topological superfluid at
small and large fields but a topologically trivial BCS superfluid in between at a mediate Zeeman
field. It can therefore have two regions with zero-energy Majorana fermions. As a consequence of
these interesting topological phase transitions, the system of the three-component spin-orbit coupled
Fermi gases in a certain parameter range is more optimizing for the experimental realization of the
topological phase due to the smaller magnetic field needed. Thus, a promising candidate for the
realization of the topological phase is proposed.
PACS numbers: 03.75.Mn, 05.30.Jp, 32.80.Qk
I. INTRODUCTION
Exploring new states of matter is the eternal theme in
condensed matter physics. In recent years, a new state
of matter named topological superfluid has attracted in-
tense attentions. Similar to topological insulators [1, 2],
they are fully gapped in the bulk and yet possess gap-
less exotic excitations on the edges called the Majorana
fermions [3–7], being their own antiparticles and obey-
ing non-Abelian statistics. It is shown that they can be
used for topological quantum computation since they are
robust against local perturbations [8, 9]. As a result,
the experimental realization of the topological superfluid
and associatedMajorana fermions has become a desirable
task and feasible proposals from the side of the theorists
are greatly needed.
In condensed matter physics, there are many proposals
on realizing a topological superfluid including making use
of the proximity effect between an s-wave superconductor
and the surface of a topological insulator [10–12], a two-
dimensional (2D) p-wave pairing superconductor [13, 14],
InAs nanowires, and banded carbon nanotubes in one-
dimensional (1D) systems [15–18]. In those proposals,
spin-orbit (SO) coupling plays a key role. Most recently,
synthetic spin-orbit coupling has been realized in cold-
atom experiments [19, 20] based on a Raman technique
pioneered by Splieman’s group [21, 22]. After that, many
schemes were proposed on the related topics, such as 2D
atomic Fermi gases with a strong Rashba SO coupling
[23–26] and trapped 1D SO-coupled fermionic atoms [27–
30].
Unlike the spin-orbit coupling in condensed matter sys-
tem, where the spin of an electron only has two com-
ponents: spin up |↑〉 and spin down |↓〉, the (pseudo)
spins in cold-atom physics are actually hyperfine states
of an atom such as 40K and 6Li. Thus, one can prepare
the superfluid by the s-wave Feshbach resonance with
more than two hyperfine states [31–33]. Motivated by
the above observation, in this paper, we discuss the su-
perfluid with three (pseudo) spins and concentrate on the
potential topological properties in the three-component
Fermi gases. Within the mean-field approximation, we
find that, in a certain parameter regime, the topologi-
cal superfluid in the three-component Fermi gases can
be achieved with a smaller magnetic field than the two-
component system.
This paper is organized as follows. In Sec. II, we dis-
cuss the model Hamiltonian. We solve the Bogoliubov-
de-Gennes (BdG) equation and obtain the dispersion re-
lation. The Berry phase is defined to describe the topol-
ogy of the three-component superfluid. The Majorana
zero modes and localized wave functions of the system
are described. In Sec. III, we present the µ− h phase di-
agram at a given order parameter, where µ is the chem-
ical potential of the system and h the magnetic field. In
Sec. IV, we consider the spin-dependent situation with
two different order parameters ∆0,−1 = ∆1,0 = ∆ and
∆1,−1, then we obtain the equation of phase transition.
Finally, in Sec. V, we present our conclusion.
2II. MODEL HAMILTONIAN
We consider the Hamiltonian of 1D three-component
SO coupled Fermi gases under Zeeman field,
H=
∫
Ψ†(x)[H0(x) − µ]Ψ(x)dx +HI,
HI= g1,0
∫
ψ†
1
(x)ψ†
0
(x)ψ0(x)ψ1(x)dx
+g1,−1
∫
ψ†
1
(x)ψ†−1(x)ψ−1(x)ψ1(x)dx
+g0,−1
∫
ψ†
0
(x)ψ†−1(x)ψ−1(x)ψ0(x)dx, (1)
where Ψ†(x) = [ψ†
1
(x), ψ†
0
(x), ψ†−1(x)] is the creation op-
erator for the three hyperfine states. µ is the chemi-
cal potential. HI denotes the attractive interaction be-
tween the states |1〉 and |0〉, |1〉 and | − 1〉, and |0〉
and | − 1〉 with coupling constant gi,j = −2~2/ma1D,ij
(i, j = 1, 0,−1). Here a1D,ij is the 1D s-wave scattering
length. A promising candidate of our proposed system is
a three-component Fermi gas of 6Li atoms near the broad
Feshbach resonance 834 G trapped in a two-dimensional
optical lattice [31]. The single-particle Hamiltonian
H0(x) = − ~22m∂2x − 2i~
2kr
m
∂xςz +4Erς
2
z + hςx+ δ1ς1− δ2ς2
can be experimentally realized [19, 20]. Here, h = ~Ω
2
denotes the strength of the Zeeman field with Ω is the
Rabi frequency characterizing the intensity of the Raman
laser, Er =
~
2k2
r
2m
the recoil energy, and ~kr the associated
recoil momentum of the Raman laser. δ1 = ∆1+∆2+δω
and δ2 = ∆1 −∆2 + δω, where ∆1 and ∆2 are the linear
and quadratic Zeeman energy, δω denotes the frequency
difference of the two Raman lasers. ςx, ςz, ς1 and ς2 are
matrices defined as,
ςx=

 0 1 01 0 1
0 1 0

 , ςz =

 1 0 00 0 0
0 0 −1

 ,
ς1=

 1 0 00 0 0
0 0 0

 , ς2 =

 0 0 00 0 0
0 0 1

 . (2)
By adjusting the values of δ1 and δ2 appropriately, one
can reach the three-minima regime experimentally as dis-
cussed in [33]. Since the effects of δ1 and δ2 are negligible,
for the sake of simplicity, we set δ1 = δ2 = 0.
Within the mean-field approximation, the interaction
term becomes,
HI ≈
∫ (
∆1,0(x)ψ
†
0
(x)ψ†
1
(x) + ∆1,−1(x)ψ
†
1
(x)ψ†−1(x)
+∆0,−1(x)ψ
†
−1(x)ψ
†
0
(x) +H.c.
)
dx. (3)
Here
∆1,0(x)= g1,0〈ψ0(x)ψ1(x)〉,
∆1,−1(x)= g1,−1〈ψ1(x)ψ−1(x)〉,
∆0,−1(x)= g0,−1〈ψ−1(x)ψ0(x)〉, (4)
are the order parameters. Without loss of generality and
aiming at a clear phase diagram, we mainly consider the
homogeneous situation and assumed it to be real, i.e.,
∆i,j(x) = ∆, (i, j = 1, 0,−1), which may be experimen-
tally achieved by exploiting the proximity effect [34].
A. The BdG equation and dispersion relation
To study the basic properties of the 1D three-
component superfluid with spin-orbit coupling, we cal-
culate the elementary excitations by solving the BdG
equation[23, 25, 26], which reads,
HBdGΨη(x) = EηΨη(x), (5)
where Ψη(x) = [u1,η(x), u0,η(x), u−1,η(x), v1,η(x), v0,η(x),
v−1,η(x)]
T is spinor in Nambu representation and the
Hamiltonian HBdG is,
HBdG =


H0s − 2i~
2kr
m
∂x + 4Er h 0 0 −∆ ∆
h H0s h ∆ 0 −∆
0 h H0s +
2i~2kr
m
∂x + 4Er −∆ ∆ 0
0 ∆ −∆ −H0s − 2i~
2kr
m
∂x − 4Er −h 0
−∆ 0 ∆ −h −H0s −h
∆ −∆ 0 0 −h −H0s + 2i~
2kr
m
∂x − 4Er


,
(6)
where H0s = − ~
2
2m
∂2x − µ. We immediately note that, by
introducing the Bogoliubov transformation [35],
ψi(x) =
∑
η,j=−1,0,1
[ui,η(x)Γj,η + v
∗
i,η(x)Γ
†
j,η], (7)
similar to the two-component case, the three-component
BdG Hamiltonian exhibits the particle-hole redundancy
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FIG. 1. (Color online) The single-particle band structure of a
three-component Fermi gas. The (red) dashed lines are three
bands in the absence of the Zeeman field h/Er = 0, while the
(blue) solid lines refer to h/Er = 1.
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FIG. 2. (Color online) Spectrum in momentum space for the
homogeneous system. The parameters are µ = 0 and ∆ = Er.
As the Zeeman field increases, we see the gap closes at kx = 0
when hc = 1.28Er and then reopens for h > hc.
as well [26]. Therefore, the associated Bogoliubov quasi-
particle operators satisfy ΓE = Γ
†
−E.
The physics of the single-particle Hamiltonian is simple
in momentum space : H0(k) =
~
2k2
x
2m
− 2~2krkx
m
ςz+4Erς
2
z+
hςx. The three-band structure of a three-component
Fermi gas is illustrated in Fig. 1. Since we consider in
this paper the homogeneous system without external po-
tential, one can write the above BdG equation in momen-
tum space as HkW (k) = E(k)W (k) easily, by replacing
−i∂x → k in Eq. (5). After diagonalizing the Hamilto-
nian Hk we numerically get the dispersion relation. In
Fig. 2, we show the spectrum at the fixed chemical po-
tential µ = 0 and the order parameter ∆ = Er. As the
Zeeman field h increases, the system evolves from the
a conventional BCS superfluid (h < hc) to a topologi-
cal superfluid (h > hc). Here the critical Zeeman field
hc = 1.28Er, which is different from the two-component
case as given by hc =
√
µ2 +∆2 = 1Er.
B. Majorana zero modes and wave functions
The emergence of Majorana fermions in a spin-orbit-
coupled Fermi gas [23–26, 28, 29] is a very attractive fea-
ture because of their non-Abelian statistics. Since a Ma-
jorana fermion is its own antiparticle and there exists an
inherent particle-hole redundancy in the BdG equation
(ΓE = Γ
†
−E), we know from the 1D two-component Fermi
gases with SO coupling, zero-energy Majorana modes
(Γ†
0
= Γ0) will emerge when the superfluid becomes topo-
logical non-trivial. Furthermore, the wave functions of
these Majorana fermions are localized at the two edges
of one-dimensional system. We note that, for the three-
component case, the similar topological transition will be
observed when adjusting the intensity of Zeeman field h
in a certain chemical potential regime. However, three
new interesting phase regions appear in the parameter
space which will be addressed in the following phase di-
agram.
To illustrate the topological properties of Fermi gases,
one needs to calculate the Berry phase [29], which is de-
fined as,
γ = i
∮
c
W∗ · ∂kW (8)
= i
∫ ∞
−∞
[W 1(k)]∗ · ∂kW 1(k)dk
+ i
∫ ∞
−∞
[W 0(k)]∗ · ∂kW 0(k)dk
+ i
∫ ∞
−∞
[W −1(k)]∗ · ∂kW −1(k)dk, (9)
in the present three-component Fermi gases. Here
W 1(k),W 0(k) and, W −1(k) are three eigenvectors of
Hk corresponding to the three lower (hole) bands. For
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FIG. 3. (Color online) Profile of energy spectrum for the
system of open boundary conditions. Zero mode emerges at
Zeeman field h = 1.4Er. The inset shows Berry phase e
iγ
varies from −1 to 1 as the system evolves from the conven-
tional superfluid to the topological superfluid.
the sake of smoothness, instead, we calculate
eiγ = lim
δk→0
( ∞∏
k=−∞
[W 1(k)]∗ ·W 1(k − δk)
×
∞∏
k=−∞
[W 0(k)]∗ ·W 0(k − δk)
×
∞∏
k=−∞
[W −1(k)]∗ ·W −1(k − δk)
)
×
(
[W 1(−∞)]∗ ·W −1(∞)
×[W −1(−∞)]∗ ·W 1(∞)
×[W 0(−∞)]∗ ·W 0(∞)
)
. (10)
As a result of real wave-functions for the Hamiltonian,
it is easy to see that eiγ can be either +1 or −1[29]. The
above definition for the Berry phase is similar to that for
a 1D topological insulator in expression [1, 2]. However,
there is an important difference. In 1D topological insu-
lators, the integration over the Berry connection is closed
at the first Brillouin zone, where the two boundaries are
identified as the same point (i.e., periodic condition). In
our continuous system, the two boundaries are instead
given by k = ±∞. Thus, the Berry connections at the
two boundaries may take the same value only up to a
phase factor. As a result of this ambiguity in phase fac-
tor, as we shall see below, somehow counterintuitively
the topological trivial and non-trivial phases are charac-
terized by eiγ = −1 and eiγ = +1, respectively. This was
pointed out earlier by Wei and Mueller in Ref. [29] for a
two-component Fermi system.
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FIG. 4. (Color online) Wave functions for different compo-
nents with the system of length x = 100/kr . By plotting
the square root of the wave function Ψη(x), we see that all
these wave functions are localized at two edges. Here |ui(x)|
and |vi(x)| refer to the particle and hole part, respectively.
From Eq (7), we know that, the Bogoliubov transformation is
a combination of quasiparticle operators Γ
−1,η,Γ0,η and Γ1,η .
As a result, the Majorana modes are manifested in |ui(x)| and
|vi(x)|, (i = −1, 0, 1).
In Fig. 3, we show the numerical result of energy
spectrum with open boundary condition under the fixed
chemical potential µ = 0 and order parameter ∆ = Er.
The zero mode emerges when Zeeman field h exceeds
hc = 1.4Er. The inset on the top shows the Berry phase
evolves from eiγ = −1 to eiγ = 1 (where the system ex-
hibits the zero-energymodes and localized wave functions
as indicated in Figs. 3 and 4, respectively) as increasing
h, which indicates the system undergoes a topological
transition from the topological trivial superfluid phase
to the topological nontrivial superfluid phase. The wave
functions for different components are depicted in Fig. 4
when h = 3Er, which shows the localized characteristic
of the Majorana fermionic states.
III. PHASE DIAGRAM
In this section we report the phase diagram of the
three-component system. Firstly, it should be pointed
out that, unlike the situation shown in Fig. 2, where the
system undergoes a topological transition when the mid-
dle two bands (blue lines) close at kx = 0, for certain
parameter regime, such as for µ = 1.5Er and ∆ = Er,
the gap closes at kx 6= 0 (see Fig. 5(b)). We calculate
the Berry phase, it turns out that the system does not
change its topological property at these gapless points, as
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FIG. 5. (Color online) Band structure of the homogeneous gas
under fixed parameters µ = 1.5Er and ∆ = Er. (a)-(c) shows
the spectrum at h = 0, h = 0.6Er, and h = Er, respectively;
(d) illustrates that the Berry phase keeps the same even when
the gap closes at the nonzero kx/kr.
shown in Fig. 5(d). Therefore, we believe that the Berry
phase changes only when gapless spectrum emerges at
kx = 0. By analytically calculating the energy spec-
trum at kx = 0, we find that the phase of the system
is governed by a simple analytical equation in terms of
the chemical potential µ, the order parameter ∆ and the
critical Zeeman field hc,
Ah2c +Bhc + C = 0, (11)
with A = 2µ − 8, B = 4∆2, C = 8(∆2 + µ2) − 3∆2µ −
16µ− µ3. The solutions of the above equation are,
hc = 1 (µ = 4) ,
hc =
−B ±√B2 − 4AC
2A
(µ 6= 4) , (12)
with
B2 − 4AC = 8[∆2 + (µ− 4)2][2∆2 − 4 + (µ− 2)2]. (13)
This equation is obtained by the following steps : firstly,
write down the BdG equation in momentum space as
HkW (k) = E(k)W (k), to get the eigenvalues one should
calculate the determinant
∣∣∣∣∣∣∣∣∣∣∣∣∣
H0k +
2~
2krkx
m
+ 4Er h 0 0 −∆ ∆
h H0k h ∆ 0 −∆
0 h H0k − 2~
2krkx
m
+ 4Er −∆ ∆ 0
0 ∆ −∆ −H0k + 2~
2krkx
m
− 4Er −h 0
−∆ 0 ∆ −h −H0k −h
∆ −∆ 0 0 −h −H0k − 2~
2krkx
m
− 4Er
∣∣∣∣∣∣∣∣∣∣∣∣∣
= E, (14)
here H0k =
~
2k2
x
2m
− µ; secondly, let kx and E to be zero,
since we assume the system evolves a topological phase
transition only when the middle two bands (blue lines)
are closed and kx = 0 simultaneously, as discussed before;
finally, expand the determinant then we get the above
equation.
In Fig. 6 we plot the phase diagram of three-component
superfluid (blue solid lines) at the given order parameter
∆ = Er. For comparison, the phase diagram of the two-
component superfluid (red dotted line) is plotted as well.
Since h = ~Ω
2
refers to the intensity of the Raman laser,
it should be real and positive. One can distinguish four
different phase regions in the µ − h phase diagram, say
region I-IV, according to the different behaviors of the
Berry phase. In Figs. 7 and 8, we plot the Berry phase
and the zero energy modes corresponding to the different
regions discussed in the phase diagram as the function of
the Zeeman field. In the following part, we discuss in
details the four different phase regions.
Region I (µ ≤ µc1 = 0.53Er). The phase transition be-
havior of the system in this region is much similar to the
conventional two-component superfluid case, i.e., there
exists a critical Zeeman field hc and the system undergoes
a topological phase transition, from a topological trivial
(h < hc) to a topological nontrivial (h > hc) phase. For
instance, when µ = −Er, the critical Zeeman field is
hc = 2.2Er (The analytical result from Eq. (10) gives
hc = 2.11Er. The deviation is due to the finite system
we studied. If one increases the length of system, this
problem will be mitigated effectively). The correspond-
ing profiles of the berry phase and the energy spectrum in
region I are illustrated in Figs. 7(a) and 8(a). The phase
boundaries for the two- and three-component system in
this region intersect at µ1 = −4.59Er and µ2 = 0.24Er.
We can conclude that at µ < µ1 or µ > µ2, the critical
magnetic field for the topological phase transition of the
three-component system is smaller than that of the two-
component one. That is, it will become easier to realize
this interesting topological phase with smaller magnetic
field, which is the necessary condition for keeping the
superfluid gap finite.
Region II (µ ∈ [µc2, µc3], with µc2 = 0.59Er and
µc3 = 3.41Er). In this region, B
2 − 4AC < 0. There
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FIG. 6. (Color online) Phase diagram at ∆ = Er. Com-
paring to the two-component superfluid (red dotted line), the
three-component case (blue lines) is more complicated. Four
regions are divided by black dashed lines at different chemi-
cal potentials µ. The grey area shows the topologically non-
trivial phase. The details of the region I to IV are explained
in the main text.
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FIG. 7. (Color online) Profile of the Berry phase eiγ at the
fixed order parameter ∆ = Er with different µ. (a)-(d) is
corresponding to the region I-IV shown in Fig. 6, respectively.
is no solution for hc. As a result, the system has no
topological transition at any values of h. To judge the
topological characteristic of this region, one should calcu-
late the Berry phase. We find that the system is totally
topological non-trivial even when h = 0. In Figs. 7(b)
and 8(b), we plot the berry phase and the energy spec-
trum to illustrate the topological characteristic of system
when µ = 2Er. It should be emphasized that the range
of region II is highly dependent on the value of order pa-
rameter ∆. One can easily find that at ∆ = 0, the range
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FIG. 8. (Color online) Profile of the energy spectrum at four
different phase regions. The parameters are the same as those
in Fig. 7. (a) µ = −Er. The system undergoes a ’conven-
tional’ topological phase transition when exceeds the critical
Zeeman field hc = 2.2Er ; (b) µ = 2Er. The system is topo-
logical non-trivial at any values of h; (c) µ = 3.5Er. It has
two critical Zeeman fields with hc1 = Er and hc2 = 3.3Er.
The system is topological trivial when hc1 < h < hc2; (d)
µ = 5Er. The zero mode disappears when h > hc = 1.6Er.
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FIG. 9. (Color online) Phase diagram at (a) ∆ =
√
2Er
and (b) ∆ = 1.5Er, respectively. When ∆ >
√
2Er, it has
only three regions in this situation. The (blue) lines are for
the three-component superfluid while the (red) dotted line for
the two-component one. The topologically non-trivial phase
is highlighted by the grey area.
of region II is µ ∈ (0, 4Er). However, the increasing of the
intensity of the order parameter ∆ rapidly shrinks this
region and it disappears when ∆ exceeds ∆c =
√
2Er.
Region III (µ ∈ [µc1, µc2] ∪ [µc3, µc4] with µc4 = 4Er).
In this region, there exists two critical Zeeman fields hc1
and hc2. Unlike the conventional phase transition as
shown in Region I, the system is topological non-trivial
at first, as increasing the Zeeman field h it becomes topo-
logical trivial (for h ∈ [hc1, hc2]) and finally it becomes
non-trivial again (for h > hc2). When µ = 3.5Er the
corresponding berry phase and the energy spectrum be-
havior in real space are plotted in Figs. 7(c) and 8(c)
respectively. From Fig. 8(c), we see that as h varying it
has two rather than one zero-mode regions.
Region IV (µ ≥ µc4 = 4Er). Comparing with the
region I, it presents a reversed topological behavior, i.e.,
the system is topological trivial at the small magnetic
field h and it becomes topological nontrivial when h >
hc. The topological transition behavior in this region for
µ = 5Er is illustrated in the corresponding Berry phase
in Fig. 7(d) and energy spectrum in Fig. 8(d), where the
zero modes disappear at hc = 1.6Er.
At last, we discuss the phase transitions for larger ∆
(> Er). We plot the phase diagram at ∆ =
√
2Er and
∆ = 1.5Er in Fig. 9. As we discussed before, when ∆ >√
2Er , the inequality B
2−4AC > 0 holds for any µ, thus
the region II in Fig. 6 disappears and there are only three
different phase regions in this situation.
It should be pointed out that, for three-component su-
perfluid, there exists topological non-trivial phases even
in the absence of spin-orbit coupling (h = 0) as long as
the system is in regions II, III or IV, which is quite dif-
ferent from the two-component case. The reason is that,
for the three-component system, the three order parame-
ters ∆0,−1, ∆1,0 and ∆1,−1 do not satisfy gauge invariant
simultaneously. To prove it, we introduce the following
gauge transformation,
φ−1 = ψ−1e
2ikrx; φ0 = ψ0; φ1 = ψ1e
−2ikrx. (15)
One can easily show that, the Hamiltonian of system and
∆−1,1 are invariant after such gauge transformation while
the order parameters ∆0,−1, ∆1,0 are gauge-dependent,
that is,
∆φ
0,−1 = g1D〈φ0φ−1〉 = g1D〈ψ0ψ−1〉e2ikrx = ∆ψ0,−1e2ikrx,
∆φ
1,0 = g1D〈φ1φ0〉 = g1D〈ψ1ψ0〉e−2ikrx = ∆ψ1,0e−2ikrx,
∆φ
1,−1 = g1D〈φ1φ−1〉 = g1D〈ψ1ψ−1〉 = ∆ψ1,−1. (16)
Now it becomes clear that, due to the inherent gauge-
symmetry breaking, the system has the potential to ex-
hibit topological non-trivial phases even without spin-
orbit coupling.
IV. SPIN-DEPENDENT SITUATION
In this section we extend our discussion to the spin-
dependent situation. As we discussed in Sec. III, since
∆0,−1 and ∆1,0 are gauge-dependent while ∆−1,1 is
gauge-independent, we set ∆0,−1 = ∆1,0 = ∆. Then the
BdG equation in momentum space should be modified as
∣∣∣∣∣∣∣∣∣∣∣∣∣
H0k +
2~
2krkx
m
+ 4Er h 0 0 −∆ ∆1,−1
h H0k h ∆ 0 −∆
0 h H0k − 2~
2krkx
m
+ 4Er −∆1,−1 ∆ 0
0 ∆ −∆1,−1 −H0k + 2~
2krkx
m
− 4Er −h 0
−∆ 0 ∆ −h −H0k −h
∆1,−1 −∆ 0 0 −h −H0k − 2~
2krkx
m
− 4Er
∣∣∣∣∣∣∣∣∣∣∣∣∣
= E . (17)
By performing the similar procedures that we intro-
duced in Sec. III, we immediately obtain the equation of
phase transitions,
Ah2c +Bhc + C = 0, (18)
here
A =2µ− 8
B =4∆∆1,−1
C =−µ3 + 8∆2 − 16µ+ 8µ2 − 2∆2µ−∆21,−1µ, (19)
8and
B2−4AC = 8[∆21,−1+µ2−8µ+16][µ2−4µ+2∆2]. (20)
The topological phase transition behavior of the spin-
dependent system resembles the spin-independent one
since it obeys the similar analytical equation but with
the different values of coefficients B and C.
V. CONCLUSION
In this paper we have theoretically investigated
the one-dimensional three-component spin-orbit-coupled
Fermi gases in the presence of the Zeeman field. We first
show the dispersion relation of the quasiparticle by solv-
ing the BdG equations and discuss the Majorana zero
energy modes and the localized wave functions. The
Berry phase eiγ is calculated to distinguish the topolog-
ical properties, with eiγ = −1 corresponding to a BCS
superfluid while eiγ = 1 refers to a topological superfluid.
Finally we proposed an analytical equation of topological
phase transition in terms of the critical Zeeman field hc
at the given chemical potential µ and order parameter ∆.
According to this equation, we found that the phase di-
agram in a three-component system is much richer than
the two-component one.
By analyzing the phase diagram carefully, we found
there exists four different phase regions. One of them is
similar to the two-component superfluid with the topo-
logical phase transition from the trivial superfluid to non-
trivial topological superfluid as increasing the magnetic
field. However there exists three other completely dif-
ferent topological regions, i.e., a region where the sys-
tem is always in a nontrivial topological superfluid, a re-
gion with two Majorana zero energy regions, and a region
where the topological phase transition behaves reversely
as the two-component system from the nontrivial topo-
logical superfluid to trivial superfluid as increasing the
magnetic field.
By comparing to the two-component superfluid, we
found the system we discussed is more optimizing for ex-
perimental realization in a certain parameter space due
to the smaller magnetic field needed. We therefore ex-
pect that the three-component spin-orbit-coupled Fermi
gases is a promising candidate for realizing topological
superfluid.
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